This paper deals with the famous two machines Johnson algorithm in the fuzzy environment and extension of the same into three machines case under certain conditions.Here the fuzzification and defuzzification are handled with octagonal fuzzy numbers.
Introduction
A 2-machine flow shop problem with the objective to minimize the makespan is called as Johnson's problem. In 1954, Johnson [4] developed a algorithm to solve a 2-machine flow shop problem which was a first leap towards the algorithmic approach to flow shop scheduling problems.In the literature,one could find the elaborate use of triangular and trapezoidal fuzzy numbers ( [7] , [2] , [3] , [5] ).Octagonal fuzzy numbers are also involved into active research in fuzzy flowshop scheduling by Selvamalar et al., ([8] , [9] , [10] , [11] , [12] ). This paper deals with the Johnson's 2-machine flow shop problem in fuzzy environment and it has been extended to 3-machine case also under certain conditions. Section 2 deals with the regular Johnson algorithm for 2 machines and section 3 discusses with its extension to three or more machines under the condition of dominance.Section3 gives the conclusion.
N-jobs 2-machines Flowshop

Assumptions
• The number of machines is restricted to two.
• The two machines are continuously available and they execute only one job at a time • The number of jobs is not restricted
• Every job consists of two operations to be completed in series of two machines
• A job started on one machine must be completed before another job is started
Algorithm
• Consider a N-jobs 2-machines flow shop problem with processing times in the form of octagonal fuzzy numbers.
• Convert the fuzzy execution times into crisp numbers using the ranking method Ranking Method(Malini et al., [6] ):
is a normal octagonal fuzzy number ,then the rank ofÕ is evaluated as follows: If k = 0.5 then
In this case the rank is called the general mean value(GMV).
• Sorting the jobs into two sets U and V where
• Arranging the jobs in the set U in an increasing pattern of their GMV's in machine 1
• Arranging the jobs in the set V in a decreasing pattern of their GMV's in machine 2
• An optimal schedule is obtained from the order of jobs in U and V.
• Find the makespan
Illustrative Example
Consider the flowshop problem with N-jobs,2-Workstations whose execution times are octagonal fuzzy numbers satisfying all the assumption of a flow shop given in table1.
To convert the octagonal fuzzy numbers into crisp numbers, the GMVs of the execution times are calculated using the equation2.1 and are listed in table2. Now,sorting the jobs according to their GMVs into two sets U and V as:
Arranging jobs in U as:4 − 1 − 3 and arranging jobs in V as 6 − 5 − 2.
∴ the optimal scheduling of jobs is
The waiting time of the machines, the execution and finish times for all the jobs of the illustrative problem are calculated and are listed in the Table3.
Advantage of Fuzzy Maximization over Fuzzy Subtraction
When waiting time of machines 1 and 2 is evaluated using fuzzy subtraction, one could get a fuzzy number with negative parts.Since the negative idle time is not natural, the negative part of the fuzzy number is replaced with zeroes.This results into a fuzzy number which is no longer octagonal.This will cause the membership functions of the completion times to break into many pieces and make subsequent calculations to fall in a impossible zone..This may have an effect on the mean flow time and the makespan which in turn affects the optimality of the solution. When the finish times are calculated using the equations and the fuzzy maximum operator
with the assumption that i-1 th job precedes i th job in the sequence, the fuzzy finish times are yielded. (See table4) : The performance criteria is evaluated for both cases and results are compared in the table 5.
The difference found in the makespan due to fuzzy subtraction and fuzzy maximization is clearly depicted in the following figure. 
Extension of fuzzy Johnson algorithm for 3-machine flow shop
Johnson's algorithm can provide optimal solution to a two machines problem. But it cannot be generalized into a mmachine problem directly. Johnson had given a possibility of generalization only under certain conditions. The necessary condition for extension of Johnson's algorithm is that the 2nd machine should be dominated by either or both the machines 1 and 3.That When either of these two conditions or both the conditions are satisfied, one could say that the 2 nd machine is dominated by either 1 st or 3 rd or both the machines.
Let us now fuzzify these conditions to extend the two machine fuzzy Johnson algorithm into a three machines fuzzy Johnson's algorithm. LetẼ(i, j) be the execution time of a job i on machine j = 1, 2, 3 then the condition for dominance for machine2 becomes:
Assumptions
• The number of machines is restricted to three
• The three machines are continuously available and they execute only one job at a time
• The number of jobs is not restricted
• Every job consists of three operations to be completed in series of three machines
• A process began on one machine must be completed
Algorithm
1. Consider a n jobs 3 machines flowshop problem with execution times in the form of octagonal fuzzy numbers.
2. Convert the fuzzy execution times into crisp numbers using the ranking method 3. Check the condition for dominance with the execution times on all the three machines 4. Sort the jobs into two sets U and V where
. Arrange the jobs in the set U in an increasing pattern of their GMV's in machine1 6. Arrange the jobs in the set V in a decreasing pattern of their GMV's in machine2
7. An optimal schedule is obtained from the order of jobs in A and B.
Find the makespan and minimum flow time
Illustration
A company has six jobs which go through three machines in the order 123.The execution times are found to be octagonal and are given by the table 6. Find the schedule of jobs that minimizes the total finish time for the process. The problem has been solved by the step by step procedure:
Step1: Converting the fuzzy numbers into crisp numbers,we get the values tabulated in table 7. Step2:Finding the minimum of the execution times in M1 and maximum execution times in M2 Minimum of execution times in M1=12 Maximum of execution times in M2 =12 Since there is a tie between the values , it is necessary to compare their fuzzy relation using the ranking algorithm of Dhanalakshmi et al., [1] For a octagonal fuzzy numberÃ = (a, b, c, d, e, f , g, h; k, w) the rank is found using the following equations and the results are tabulated in the table 8 and table 9 . Similarly if we check the dominance between M3 and M2, =⇒Ã B . ∴ Machine 2 is dominated by machine 3.
Step 3: Converting the three machine problem into a 2-machine pseudo problem (Refer table 10) Step4: Converting into crisp numbers by finding the GMVs,wt get the values in table 11.
Step 5:Sorting the jobs into two sets:
Step6: Arranging the jobs in U and V in increasing and decreasing pattern of their GMVs respectively then the optimum schedule 1 − 4 − 6 − 5 − 3 − 2 is obtained. The fuzzy finish times are evaluated using fuzzy maximum operator and tabulated in table 12. 12 12 w − Divergence(Ã) = ( f − c) 8 5 12 12 
Conclusion
The two machine fuzzy flow shop problem is solved with fuzzy Johnson algorithm.The performance criteria are evaluated using fuzzy subtraction and fuzzy maximization .The results are compared to show the effectiveness of fuzzy maximum operator.The fuzzy Johnson algorithm is extended to 3-machines and are able to find the optimum solutions to certain problems.Because the extension requires the 2 nd machine to be dominated by either /both of the 1 st and/or 3 rd machines.Similarly ,this procedure could be extended to mmachines under the successful satisfaction of dominance property between the machines. 
